JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 18, No. 3, May—June 1995
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This work extends previous work on nonlinear normal modes to include the case of forced response. This al-
lows the nonlinear normal mode method to be applied to the feedback control proeblem providing a new method
of controlling nonlinear multiple-degree-of-freedom systems. The proposed method uses a transformation pro-
posed earlier for homogeneous systems written in state-space form. The coordinate transformation for the forcing °
vector is defined here in state space and related to the physical coordinate system. The result is a pseudomodal
decoupling transformation of a nonlinear inhomogeneous system. Although interesting in its own statement, this
transformation also provides a nonlinear modal control scheme. This result is applied to a known coupled two
degree-of-freedom oscillater with a cubic stiffness term. The results illustrate the design of a nonlinear modal

control law.

1. Introduction

HE concept that nonlinear modes with nonlinear modal equa-

tions exist for some set of nonlinear systems has been accepted
intuitively by many for quite some time. It was not until 1964 when
Rosenberg presented the first paper on nonsimilar normal modes!
that it became possible to solve even the simplest nonsimilar nor-
mal mode system. Many perturbation methods have been devel-
oped since to approximate the deviations of nonlinear modes from
their corresponding linear modes. In Ref. 2, Caughey et al. identify
bifurcation of similar normal modes for a class of strongly non-
linear two-degree-of-freedom systems. Vakakis and Rand use the
Mikhlin-Manevich asymptotic approach in Ref. 3 to identify mode
localization in systems which exhibit nonsimilar nonlinear normal
modes. In Ref. 4 Vakakis and Rand and in Ref. 5 Vakakis make use
of Poincaré maps to identify bifurcation and chaos in system which
exhibit similar normal modes for separate cases of low and high
energy. An asymptotic approach is used by Vakakis and Cetinkaya
in Ref. 6 to demonstrate the existance of nonlinear mode localiza-
tion in perfectly symmetric, weakly coupled structures. King and
Vakakis demonstrate an energy-based approach for the determina-
tion of nonlinear normal modes of continuous systems in Ref. 7. In
Ref. 8, Shaw and Pierre demonstrate an invariant manifold approach
to determining nonlinear normal modes of discrete systems. They
extend this work in Refs. 9 and 10 to continuous systems, and in
Ref. 11 Boivin et al. examine the accuracy and reliability of using
the each of the methods described in Refs. 9 and 10.

In Ref. 12 Nayfeh and Nayfeh apply invariant manifold and per-
turbation methods to a descretized system and the method of mul-
tiple scales directly to the partial differential equation of motion. In
Ref. 13, they discuss possible errors which may occur when applying
discrete analysis to continuous systems. However, only Shaw and
Pierre® demonstrate the capability of performing coordinate trans-
formation between the physical coordinate system and the nonlin-
ear modal coordinate system. Although algebraically tedious, this
method lends itself to programming using algebraic manipulation
packages such as Mathematica,®* MAPLE,® and MACSYMA.®

The following work applies the method of Shaw and Pierre® to find
the modal forces acting on nonlinear modal equations for weakly
nonlinear systems. It is then shown that the modal forces can be
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designed to be functions of the modal coordinates, thus providing
nonlinear modal feedback control. Breaking the control design prob-
lem into a nonlinear modal control problem is analygous to reducing
the problem into a number of small single-degree-of-freedom non-
linear control design problems, much in the way that pole placement
control design for linear systems reduces control design to the se-
lection of eigenvalues. Thus, the control designer can reduce a large
nonlinear control design problem including quadratic, cubic, and
higher order nonlinearities into a large number of single-degree-of-
freedom design problems. This method also makes control design
for known disturbances such as band limited excitation much more
intuitive than Lyapunov design since the control designer knows
that most of his/her focus should be on controlling nonlinear normal
modes whose primary natural frequencies lie in the frequency range
of the disturbance. Modal control design can then be accomplished
using any one of a number of nonlinear control design techniques
applied to the nonlinear modal equations.

II. Overview of Nonlinear Normal Modes

Most dynamicists are, in general, comfortable with the notion of
a linear normal mode. The response of a system which is moving in
a linear normal mode can be written in the following vector form:

ey

where x|, is the mode shape or the spatial part of the modal dy-
namics, ¢ is time, 7 is the time constant at the mode (infinity for the
undamped system), o is the natural frequency of the mode, and &
is a phase angle.

Unlike the linear normal mode, nonlinear normal modes are not
quite as readily accepted. Nonlinear normal modes are defined to
be either similar or nonsimilar. A similar nonlinear normal mode
is one in which the mode shape is not dependent on the modal
amplitude and, thus, is similar to a linear mode. In a nonsimi-
lar nonlinear normal mode, the mode shape is not linear. For in-
stance, a two-degree-of-freedom system could have the mode shapes
Xy = fi(x, x1) and X, = fo(xy, X;) where f; and f, are nonlinear
functions.

When a system is moving in a mode it moves along a modal
line. For a modally damped system, the distance traveled along the
modal line decreases with each cycle, and the modal line can change
with the amplitude of oscillation. However, since the total energy
remains constant for a conservative system, the modal amplitude
remains constant, and the modal line will remain constant for all
time. A nonmodally damped system moving in a single mode will
not follow the same line in both directions but will, instead, follow a
curved trajectory that spirals toward static equilibrium. This curved
trajectory envelops what would be the undamped modal line.

x(1) = x|,0e" sin(wr + ®)
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Previous work fails to properly define what a nonlinear nor-
mal mode is in the case where damping is present. The exist-
ing definition!® for a nonlinear normal mode states that a discrete
N-degree-of-freedom system is oscillating in a normal mode if all
of the motions are periodic of the same period, all of the coordinates
reach their extreme values at the same time, and, for any given am-
plitude of oscillation, the coordinate displacements can be related
by a functional relationship of the form

x; = filu(@®) @

where x; is the displacement of the i th coordinate, u is the modal dis-
placement, and f; is the relationship between them. The definition is
too restrictive in the sense that the motions of a system freely oscil-
lating in a modally damped mode will not, in general, be periodic and
of the same period. Also, the function f; must change with the modal
amplitude. Shaw and Pierre® demonstrate that the modal line is de-
pendent on the modal velocity as well as the modal displacement.
Using conservation of energy (for a conservative system, of course)
and knowledge of the modal amplitude, the modal velocity contri-
bution may be eliminated. However, Eq. (2) must still be dependent
on some quantity other than the modal displacement and, thus, the
existing definition is lacking. A simple example of a system oscil-
lating in a modally damped motion is a single-degree-of-freedom
mass spring system with velocity squared damping. Each cycle of
the motion will exhibit a slightly different period during the decay.
Also, complex modes of linear systems are not modes by this defini-
tion of nonlinear normal modes since the motion of the system is not
in unison. This is accounted for in Ref. 8 by Shaw and Pierre who
developed the capability of determining the nonlinear modal equiv-
alent to the linear complex mode. They redefine a normal mode as “a
motion which takes place on a two-dimensional invariant manifold
in the system’s phase space. This manifold has the following prop-
erties: it passes through a stable equilibrium point of the system and,
at that point, it is tangent to a plane which is an eigenspace of the
system linearized about that equilibrium.” To provide consistency
with linear terminology and improve the definitions of nonlinear
modes, the following definitions are proposed.

Definition I: A system is oscillating in a normal mode if the
motion of any point {uz, us, uz) in three-dimensional space (£, ¥, 2)
can be described by the equation

Se(u(n), v(t))

fi(u(®), v(t)) 3)
Sfi(u(), v(®)

uz(%,9,2)
uy(x,9,2) | =
uz;(X,5,2)

where (%, ¥, ) represents the location of the point on the structure
in three-dimensional space; uz, us, andu; represent the deflections
in the x, y, and z directions; f;, f5, and f; relate the deflections
to the modal coordinates u and v = u. This represents the two-
dimensional invariant manifold described by Shaw and Pierre.?

Definition 2:  If the functions f; relating the displacements u; to
the modal coordinates 4 and v are linear, and the modal equations
in u and v are linear, then the mode is a linear normal mode.

Definition 3. If the functions f; relating the displacements u;
to the modal coordinates u# and v are linear, the dependence on v
can be eliminated, and the modal equations in # and v are linear,
then the mode is a linear equal phase normal mode. These modes
are commonly called complex linear modes.

Definition 4:  If the functions f; relating the displacements u; to
the modal coordinates are linear and the modal equations in # and
v are nonlinear, then the mode is a similar nonlinear normal mode.
This corresponds to the definition’ put forth by Rosenberg that if the
modal lines corresponding to a nonlinear normal mode are straight,
then the mode is called similar.

Definition 5:  If the functions f; relating the displacements u; to
the modal coordinates are nonlinear, then the mode is a nonsimilar
nonlinear normal mode. This corresponds to the definition! put forth
by Rosenberg that if the modal lines corresponding to a nonlinear
normal mode are not straight, then the mode is called nonsimilar.

Definition 6:  If the trajectory of a nonlinear normal mode passes
through static equilibrium, then it is an equal phase nonlinear normal

mode. For a linear normal mode, this type of mode is usually called
a real mode.

Definition 7.  If the trajectory of a nonlinear normal mode does
not pass through static equilibrium, then it is a nonequal phase non-
linear normal mode. In a linear system, this type of mode is called
a complex mode.

The following two sections describe the method developed by
Shaw and Pierre® for determining nonlinear normal modes. As will
become evident, the method allows for the solution of nonlinear
normal modes that were previously undefined by the Rosenberg
definition.!

HI. Normal Modes of Nonlinear Systems

The method used here for determining the nonlinear normal
modes of the system is the method of Shaw and Pierre.® Readers are
referred to this work for determining nonlinear normal modes.

Using the same notation as Shaw and Pierre,® the displacements
and velocities of a system, z = [xi, %1, X2, X2, ..., %y, X817 =
{x1, y1, X2, ¥2, .. ., xn, yn17, moving in a single nonlinear normal
mode can be written as a function of the modal displacment u and
the modal velocity v as

X1 1 0 0 0 7

Y1 0 1 0 0

X2 ap  an ani + apv  asv

|- b bn | | buutbov  bsv

XN aiN daN asyU + asnyv  asyv
_yN_J _bIN bZN_ _b3Nu+b4Nv b5NU_

B 0 0 7
0 0

a72u2 + (1921)2

brau® + borv?

(162M2 + agzvz
beau® + byv?

u
- [} “
v

agnu’ + agv?  azyu’ + agy v’

_bﬁNuz + ng'Uz b7NM2 -+ ng'Uz B

or more compactly as
u u
z=m [v] = [my +m(u, v) + ma(u, v) + -] [v} 5

where m is a 2N x 2 matrix, and mg, m, and m, are also 2N x 2
matrices. The matrix my is the linear component of the nonlinear
modes, and m; and m, represent the quadratic and cubic terms,
respectively. This representation is not unique but is used to facilitate
coordinate transformations later.

The matrix mq represents the mode shapes common to linear
systems. For a linear system, all other matrices m; are zero. For the
linear undamped or modally damped system, the cross terms a; and
by; are zero whereas ay; = by; is the usual amplitude ratio relating
the ith degree of freedom to the modal amplitude. For a normally
damped system, the cross terms are generally nonzero and, thus,
represent the effect of complex modes in terms of real numbers.

The complete nonlinear modal matrix M can now be assembled
from the modal vectors m. The modal matrix M (w) is then

Mw)=[m m sm --- ym] (6)

where ;m represents the modal vector for the ith mode and w =
{1, v, U, Vo, ..., Uy, Uy]T where u; and v; are the modal dis-
placement and velocity, respectively, for the ith mode. The com-
plete transformation from modal to physical coordinates can now
be written

2= Mw)w = M(w) (7
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The matrix M (w) can be subdivided in the same manner as the
vector m(w) is in Egs. (4) and (5). This gives

M(w):M()+M1(W)+M2(w)+... (8)

where M, represents the linear terms of M (w), M,(w) represents
the quadratic terms of M (w), and so on.

The coefficients a;; and b;; are different for each mode, in general.
It is suggested that the notation g;;; and b;; be used where the index
k represents the mode number.® The importance of this form will
become apparent in the next section.

IV. Transformation from Physical
to Nonlinear Modal Coordinates

It must be made clear that the transformations from physical to
nonlinear modal coordinates are an extension of linear theory, but
superposition does not apply in the linear sense. The nonlinear co-
ordinate transformation is similar to the well-known linear transfor-
mations only in that it allows a multiple-degree-of-freedom system
to be viewed as a number of simpler single-degree-of-freedom sys-
tems. These single-degree-of-freedom systems can be solved and
their solutions combined via the nonlinear coordinate transforma-
tions to yield the total system dynamics.

For linear systems, the transformation between modal and physi-
cal coordinates is given by the matrix M,. The transformation from
the physical to the modal coordinates for the nonlinear system is
not the same as the transformation from the modal to the physical
coordinates due to the modal amplitude dependence of the transfor-
mation. For the transformation from modal to physical coordinates,
it is assumed that the modal amplitudes are known. Since the trans-
formation matrix is written in terms of the modal amplitudes, the
transformation can be carried out [see Eq. (7)]. In making the trans-
formation from physical to modal coordinates we cannot simply
invert the matrix M (w) to accomplish the transformation because
we do not know the modal amplitudes and, therefore, cannot eval-
uate M (w). The transformation method developed by Shaw and
Pierre® for systems with only cubic nonlinearities is shown next (a
more general method is provided in the Appendix of Ref. 8).

We begin by premultiplying Eq. (6) by M~!(w) and expanding
the inverse to yield

w = {My+ Mry(w)} "'z
= {1+ M7 M)} My 'z
O
= {1 = My Myw) )M "2+ [T+ My My(w) ]
x [My' M on)] M, 'z

[Note that since we are considering only the case of cubic nonlin-
earity, M, (w) is a zero matrix and can be dropped.] Next, the fourth-
order term (the second term) is dropped for the sake of simplicity.

w={1— M Myw) | M;'z (10)

The right-hand side still has a dependency on w. This can be reme-
died first by substituting Eq. (9) for w into itself, i.e.,

W= {I - M(TIMZ({I - Mo_lMZ(w)}MOAIZ)}MO—lz aDn

Then, since M, is quadratic in its argument, the leading order argu-
ment is M()"'z and the dependence on w is pushed on to higher order
terms. This results in the transformation

w={l - M;'My(M;'2)}My'2=N@z=N@)  (12)

which is correct up to cubic terms in z.

The matrix N (z) now represents the transformation from physical
to modal coordinates. Like the coordinate transformation matrix
M (w), N(z) can be broken into terms of different order, i.e.,

N@) = No+ N:1@@)+ No(@) + - - (13)

where N, represents the linear part of the transformation, N, (z) the
quadratic part of the transformation, and so on.

V. Transformation of Nonlinear State Equations
from Physical to Modal Coordinates
Motivated by the use of the state-space representation in control
theory, the nonlinear state-space equations can be written in physical
coordinates as

1=AQ u) (14)
y=C(z2) (15)

where A (z) is the state function vector, € (z, 2) is the output function
vector, and u represents a vector of arbitrary excitations. Taking the
derivative of Eq. (7) with respect to time and applying the chain rule
yields

i MW (16)
ow
Substituting Eqs. (7) and (16) into Egs. (14) and (15) gives
. -1
= <8M(w)> AM W), ul
ow 17

= Ap(W) + up(w, u)

and
y=C [M(w), (%ﬂ)w} =Cp(w, W) (18)

where u,, (w, u) represents the amplitude dependent modal forces,
A,,(w) represents the modal functions, and C,,(w) represents the
observation function in modal coordinates. Note that the application
of Eq. (16) to Egs. (14) and (15) involves the inverse of the Jacobian
of the modal matrix M (w). This inverse will fail if the determinant
of the Jacobian of the modal matrix M(w) is not zero. By setting
the determinant equal to zero, criterion for failure of the coordinate
transformation can be determined in terms of the modal amplitudes.

VI. Transformation of the Nonlinear State Equations
from Modal to Physical Coordinates

In transforming the equations from modal coordinates to physical
coordinates, the same procedure is used as in the previous section.
The equations of motion in modal coordinates are given by

W= A, (W) + 1, (W) (19)
y=Cn(w, W) (20)

where u,, (w) represents a vector of arbitrary modal forces. From
Eq. (12)

w=N(&) 21

Taking the time derivative and applying the chain rule to Eq. (21)
gives

ING) .
—_—2Z

oz @2)

where aN(z) /9z is the Jacobian of N(@) with respect to z. Substi-
tuting Egs. (12) and (22) into the modal equations of motion and
premultiplying by (8N (z)/9z)! yields the state equations in phys-
ical coordinates as

-~ —1 ~ -1
i= (‘W(Z)> AnING)T+ (‘W ("')> [N @]

dz az 23)
=A'(z,u)

and

y=C, [fwz), (3125) )z] — @2 (24)
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Here the prime symbol represents the possibility that the transfor-
mation does not allow the true equations of motion to be recovered
in transforming them from modal to physical coordinates. For ex-
ample, if a power series approximation for the modes is used, as
suggested by Shaw and Pierre,? then for practical purposes the se-
ries must be truncated for most problems. Since the modes are an
approximation of the true modes, only an approximation of the true
modal equations will be found. Here we have not distinguished be-
tween the true modal equations and the approximations to them since
in this work they will always be derived from the equations of motion
using a power series and, thus, will almost always be approximate
(the exception being similar normal modal systems). Since the equa-
tions of motion are derived in physical space and they can also be
found again by the transformation from modal coordinates to phys-
ical coordinates, it is important to point out that the physical space
equations of motion derived from the modal equations will not be
as correct as when derived from first principles. However, the back-
wards transformation (from modal to physical coordinates) can be
useful in determining the accuracy of the forwards transformations.

VII. Nonlinear Modal Control

The previously discussed transformations developed for analyz-
ing the forced response of a weakly nonlinear multiple-degree-of-
freedom system can now be used to set up a new nonlinear control
technique that we will refer to as nonlinear modal control. The ap-
proach is to transform the equations of motion from physical space
into modal space or decoupled form. Once decoupled, the feedback
control law can be designed one mode at a time, subject to imple-
mentation constraints, much as suggested by Takahashi et al.'® and
Inman'” except that both the modal dynamics and the control law
are nonlinear. The control law designed in the decoupled or modal
coordinate space allows the behavior of each decoupled equation
to be tailored to produce a desirable response. However, to imple-
ment the control, the form of the control law must also be known
in the physical coordinate system. The form of the control law in
physical coordinates is transformed into the decoupled or modal co-
ordinate system yielding constraints that must be met in the modal
space. Once these constraints are met, the control law can then be
transformed into the physical coordinate system as described in the
previous section. This procedure is illustrated in the example that
follows. Additional examples can be found in Ref. 18.

VIII. Example
Consider the two-degree-of-freedom system of Fig. 1. Also con-
sider the case where only the second degree of freedom can be
actuated. The equations of motion for the system are then

X Y1 0
5’1 '—2)61 -_— OSX? + x 0 .
R = U,
Xo V2 0
Y2 X1 —2x, 1
and
5= Iz

Using the method of Shaw and Pierre,? the equations of motion in
modal coordinates are

) v
. _ 1.3 1 2__ 3.2, _ 3 2
0 _ —Uy 3ul-f—41,41v FJUTU2 — FULUG
llz 1)
v 4.3 3 23,2 3, 2
2 —3142 - ﬁuz + '5—2u21)2 — Zuluz — Zuluz
Umi
Um2
+1 .
Um3
Uma

where the modal control forces are
(—0.5!411)1 + 0.1153851421}2)12Z
4+ u% — 1.61538u§ + 2vf — 0.461538v§

Unl = —Upz =

(25)

2/ k=1+.5x]

L x, ,

4 T T T : T T —

Displacement X2

L L .

-2 -15 -1 -0.5 0 0.5 1 1.5 2

4 . )

Displacement x1
Fig.2 Mode shape plots of mode 1 for various maximum modal am-
plitudes (0.2, 0.5, 1.0, 1.5, 2.0).
and
Uy = —Uma
2+ O.Su% — 0.576923u§ + 0.25vf —0.0576923)11,,

44 u? — 1.61538u2 + 2v? — 0.461538v3
The output equation is given by

(26)

§=Mw)
up+us
v+ vy
uy — uy +0.1667u3 + 1.923u3 + 0.25u;v? + 0.05769u,v2
v — vy + 0.25v} + 0.5769v3 + 0.2308u32v,

and the mode shapes are given by the following.

Mode 1

X1 Ui

n|_ vt

o= M), _opm0 = wy + Sud +0.25u,0?

Y2 v + 0.251}?
Mode 2
X 2
! ZM(W)Iu =0=0 1;2 2
X, 1=0,v1 —uy + 0.1923u; + 0.05769u,v5
Y2 —v; + 0.05769v3 + 0.230815v,

Figure 2 shows mode shapes (displacement one vs displacement
two) for various modal amplitudes of mode 1 (0.2, 0.5, 1.0, 1.5,
2.0). The motions were found by numerically integrating the modal
equation of motion and applying the mode shape relation. Note that
even the linearization of these modal motions are different depend-
ing on the modal amplitude. Figure 3 shows the mode shapes of
mode 2 for various modal amplitudes.

The system is ideally observable!® since

w=N(@)
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Displacement x2
=

2 -5 -1 05 0 0.5 1 1.5 2
Displacement x1

Fig. 3 Mode shape plots of mode 2 for various maximum modal am-
plitudes (0.2, 0.5, 1.0, 1.5, 2.0).

Also, as long as the modal control law satisfies Egs. (25) and (26) it
will be physically realizable. The relationships between the modal
control forces can be written as

ﬁml = fﬁmZ = —ﬁm3 = _fﬁm4

where

—0.5M1U1 + 0.1 153851421)2

= 0547 Z0.576923u2 + 0.2507 — 0.05769232

Since the purpose of this example is to show how a desired non-
linear modal control can be transformed to physical coordinates and
applied to the system, a control law will be proposed using heuristic
observations. Consider a system in which very small oscillations are
considered unimportant but larger oscillations are considered to be
detrimental. A damping term could then be introduced which has
a small coefficient for small amplitudes and a large coefficient for
larger amplitudes. Possible modal control laws could then be

Ay = 0.1y (1 + &3 + uf)
and
fima = —0.11t2 (1 + i3 + 3u3)

However, because of the constraints of Egs. (25) and (26), the
following alternative is proposed:

fima = —0.Lity (1 447 + uf) + 0.1ua (1 + 423 + 3ud)
and
ﬁm4 = _ﬁmZ

Thus, in addition to the desired control, the negative of the control
law intended for mode 1 is applied to mode 2 and the negative of
the control law intended for mode 2 is applied to mode 1. It is
expected that since these cross terms are small, they should have
little impact on the modal equations. Nayfeh and Mook'® show that
for systems having cubic nonlinearities, the effects of the cross terms
are negligible when no internal resonance exists.
The control law in modal coordinates is then

0

Um?

0

Uma

Using Eq. (23) to transform the control law to physical coordi-
nates in terms of the output y yields

Bii,

0.019230854 (51 92 + $334)
_ +0.03076954 (5392 + 9134

—0.25, — 0.0154(37 + 73) + 0.04423085, (5?2 + 53)
—0.1884625, 513, + 0.131 9354 — 015923,
L +0.02307695,52 — 0.040384653

From the equations of motion, B, clearly cannot have this form.
All but the last element of Bii, must be identically zero. The er-
ror is believed to be from the approximate inverse (from modal to
physical) coordinate transformation (N(z)) as discussed in Sec. VI.
Since the fourth element of B, should be equal to i, i, is taken
to be

i, = —~0.254 — 0.154(97 + 53) + 0.04425, (37 + 3)
— 018851 9392 + 0.151 5354 — 0.155254 + 0.02315,37

—0.040493 — 0.0076933

For simple comparison, an approximate linear modal control has
been derived using a linearized set of equations. The linear control
derived is identical to the linear part of the nonlinear control law.
Note that neither the linear nor the nonlinear control has been op-
timized in any way and, thus, the comparison demonstrates only
the increased flexibility of the nonlinear modal control method as
compared to the corresponding linear modal control. Simulations
of the controlled steady-state response and transient response are
shown in the following plots. The displacement plotted is that of x;.
Figures 4 and 5 show the transient response from an initial condi-
tion of x; = 1 and all other states equal to zero. Clearly the control
forces are greater at higher amplitudes for the nonlinear control
than for the linear control. Also, the motion of the first mass is re-
duced much more quickly using the nonlinear modal control than
the linear control. Figures 6 and 7 show the steady state response
to a 1-rad/s sinusoidal force acting on mass 2 with an amplitude of
0.01 (low amplitude) and zero initial conditions. The concurrence
of the trajectories demonstrates that the goal of providing only a
linear energy dissipation at low amplitudes has been met. Figures 8
and 9 show the steady-state response to a 1-rad/s sinusoidal force
on mass 2 with an amplitude of 1 (high amplitude). Here the effect

08 Dashed line: Lincar Control

Displacement

-0.6

Solid line: Nonlinear Control J

08 L L L . . .

10 20 30 40 50 60 70 80 90 100

Time

Fig.4 Transient response, displacement of x; vs time.
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Dashed line: Linear Control

02|
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<
:

Solid line: Nonlinear Control

03 . . . ! IS
0

10 20 30 40 50 60 70 80 90 100
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Fig. 5 Transient response, control force vs time,
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0.05 s : : :
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Fig. 6 Steady-state response, displacement of x1 vs time, 1 rad/s, exci-
tation amplitude = 0.01.

of the nonlinear control is clear. At higher amplitudes, the nonlin-
ear control provides additional damping, beyond that of the linear
control and, therefore, reduces the steady-state response. Thus, this
example shows two major points. The first is that depending on sys-
tem requirements, nonlinear control provides an improved closed-
loop performance compared to the linear control. This fact can be
observed in most systems when finding the optimal open-loop
control. Generally, any reasonably sized (low-order) linear con-
troller does not match the capability of the optimal open-loop con-
trol (robustness and stability being neglected). The second is that

vy

I;{ _________________
2 —2.985u; — 0.0995v, — 0.34313 — 0.73%u3u; — 0.738u,u?

+0.00460uu5v; + 0.0211u3v; + 0.0352u,0?
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Fig.7 Steady-state response, control force vs time, 1 rad/s, excitation
amplitude = 0.01.
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Fig.8 Steady-state response, displacement of x; vs time, 1 rad/s, exci-
tation amplitude = 1.

modal control laws, be they linear or nonlinear, can be successfully
derived for nonlinear modal systems even if the modes are non-
similar.

To determine how modal the nonlinear control law is, the nonlin-
ear normal modes of the controlled system were determined using
the invariant manifold method of Shaw and Pierre (i.e., all control
forces were included as inberent system forces in performing the
nonlinear modal analysis). The results are as follows.

Using the method of Shaw and Pierre,? the equations of motion
in modal coordinates to cubic order are
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The mode shapes are given by the following:

the controlled system are the same as the designed modal response

Mode 1: characteristics.
X1 251
Yoy _ M(W)l . %]
x| w=0.v=0 " | 0.9954; — 0.1005v; + 0.17943 — 0.382uv; + 0.241u,v? — 0.099%4v?
¥ 0.1010u; + 1.005v; + 0.070613 + 0.0601u3v; + 0.1505u;v? + 0.281v3
Mode 2:
X1 Uz
V1 _ M(W) _ Uy
x| m=01=0 " | —0.985u; — 0.0995v; + 0.157u3 ~ 0.287ulv; + 0.0370u;v} — 0.0999v}
» 0.297us + 0.975v; + 0.892u3 + 0.307u?vy + 0.309u, v} + 0.0768v}

Observing the nonlinear mode shapes of the controlled sys-
tem, one can see that for each mode the displacement of the
second mass is a function of the displacement and the veloc-
ity of the first mass. Similarly, the velocity of the second mass
is a function of the displacement and the velocity of the first
mass. Neither of these modes passes through equilibrium for a
nonzero modal amplitude. Thus, the applied control has induced
nonequal phase normal modes in the system. Intuitively, from
knowledge of linear systems, this makes sense. Since the control
law is dissipative in nature and applied to only one mass, and
the original system is undamped, the resulting controlled system
should exhibit nonequal phase normal modes (a nonproportionally
damped linear system will usually exhibit complex modes unless
certain conditions on the mass, damping, and stiffness matrices
are met).?°

Observing the nonlinear modal equations of the controlled sys-
tem and comparing them to the desired modal equations, one can
see that the desired form of the modal control law has not been
achieved. Although some of the desired damping terms are present,
the coefficients of some are lower than desired and some are
missing. Other terms that were not desired were also created by
applying the control law. However, simulations of the controlled
system show that the desired control objectives have been achieved.
The reason for this discrepancy is believed to be due to the sig-
nificant cross coupling designed into the control law. The control
law was, in reality, significantly nonmodal to the extent that it also
changed the modal coordinate system and, thus, the nonlinear nor-
mal modes of the controlled system are different from the nonlinear
normal modes of the uncontrolled system. However, since the con-
trolled system could also be represented by the designed nonlinear
modally controlied modal equations and the nonlinear normal modes
of the uncontrolled system, the modal response characteristics of
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Fig. 9 Steady-state response, control force vs time, 1 rad/s, excitation
amplitude = 1.

IX. Conclusion

The invariant manifold method has been extended to the forced
response case and now includes the output equation as well as the
state equation. The appropriate transformations have been derived
and applied to a two-degree-of-freedom nonlinear oscillator illus-
trating that a successful feedback control law can be designed for a
nonlinear system based on nonlinear modal control techniques. In
addition, several new definitions have been put forth to allow non-
linear modal nomenclature to more precisely agree with the non-
conservative linear nomenclature.
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